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Effective Field Theory of Gravity: 
Leading Quantum Gravitational Corrections to Newtons and Coulombs Law 

SVEN FALLEfQ 
Theoretische Physik 1, Fachbereich Physik, Universitat Siegen 
D-57068 Siegen, Germany 

In this paper we consider general relativity and its combination with scalar quantum electrody- 
namics (QED) as an effective quantum field theory at energies well below the Planck scale. This 
enables us to compute the one-loop quantum corrections to the Newton and Coulomb potential 
induced by the combination of graviton and photon fluctuations. We derive the relevant Feynman 
rules and compute the nonanalytical contributions to the one-loop scattering matrix for charged 
scalars in the nonrelativistic limit. In particular, we derive the post-Newtonian corrections of order 
Gm/c 2 r from general relativity and the genuine quantum corrections of order Gh/c 3 r 2 . 



I. INTRODUCTION 

At the classical level the interaction between two 
charged massive particles is described by Newton's and 
Coulomb's law, in terms of the nonrelativistic potential 



V(r) = -G 



77117712 



7" 



1 eie 2 
47r r 



(1) 



This potential will be modified by relativistic and quan- 
tum corrections. Radiative corrections to the Coulomb 
potential can be systematically calculated within QED. 
However, it is well known that general relativity, includ- 
ing scalar Q], 0, 0|, fermion or photon fields 0, H [f| is 
not renormalizable. Still, on smooth-enough background 
space-time the gravitational field can be quantized consis- 
tently P, 0] , and as suggested by Donoghue @, Q > one can 
consider general relativity as an effective quantum field 
theory in the low-energy limit where renormalizability is 
no longer an issue. 

Within this framework, the one-loop corrections to quan- 
tum gravity coupled to a scalar Klein-Gordon field 
have already been discussed by independent groups, e.g. 
Donoghue @, @, Q , Hamber and Liu fioll . Akhundov et 
al. [13, and Bjerrum-Bohr et al. [3, [3, [Hj], with 
differing results. The generalization to scalar QED has 
been first discussed by Bjerrum-Bohr Butt has 
also treated the case of charged fermions. 
In this paper, we are going to reconsider the results for 
the case of scalar QED coupled to gravity (SQED), in 
order to perform and independent check of the above re- 
sults and to resolve the discrepancies between @, @, 0|) 

d3i, [H E3 and [3 EI El- T ° this end > we discuss 

in Sec. Ull how to quantize general relativity/SQED with 
the background field method. In the next section we re- 
view how ultraviolet divergences from one-loop diagrams 



can be absorbed into higher-dimensional operators in the 
effective theory. The definition of the scattering matrix 
and of the potential for (charged or neutral) scalar parti- 
cles is given in Sec. |lVl In Sec. [V] we perform the calcu- 
lations of the relevant Feynman diagrams and construct 
the scattering potentials at one loop. We compare our 
results with 0, 0, EI EI US] and before we conclude 
with a short summary. The Feynman rules, one-loop in- 
tegrals, and details of the Fourier transformations are 
presented in the Appendices VK\ [51 and [Cl 



II. QUANTIZATION OF GENERAL 
RELATIVITY AND SCALAR QED 

The Einstein-Hilbert action for the vacuum is given by 



S^ 7 



(2) 



where n 2 = 32ttG is the gravitational coupling, g^ v is 
the metric tensor with its determinant g = detg^, and 
8& = g^lZftv is the curvature scalar. In the follow- 
ing we use the same convention as Refs. 0, H, 0, [HI, 
[l2[ [H, 0, EI EDI, with the Minkowski metric 7?^ = 
diag(+l, — 1, —1,-1) and h = c = 1. 
Additional fields can be included by adding a covariant 
term ^/—g C m to the action Eq. ([2]), 



+ C r 



(3) 
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For instance, massive scalar fields are described by the 
scalar Lagrangian 

C m = \{g» v d^dvp -m 2 \4>\ 2 ) . (4) 
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A. Background Field Method 

Following Veltman and 't Hooft [3, 0] we can expand the 
gravitational field g^„ into the classical background field 
g^ v and a small quantum fluctuation k : 



Q^iv g^u ~l~ ^ h^iv i 



(5) 



Expanding the curvature to second order in the quantum 
field h, using 



—g = ^g\i+^K--h^hi + ^(K 



> (6) 



we obtain for the gravitational part of the Lagrangian 



r — 



+ C ( 

^grav 1 ^grav 



'(2) 



(7) 



with 



4iL = -V [9^-2^} , 

Hi 

4 2 rl = ^.VW - \v a hV a h 

+ V a hVf3h aP - V a hrf V s3 W a 



(8) 



lh 2 - -h h?" 



Here the curvature scalar and the covariant derivative 
T> a are evaluated from the background metric g^. 
In order to quantize gravity we have to fix the gauge and 
introduce a Faddeev-Popov ghost field. From [l| we take 
the gauge fixing Lagrangian 



C 



and the ghost Lagrangian 

£ g h os t = V=§V* fl [VxV x g^ 



(9) 



(10) 



with if being the complex Faddeev-Popov ghost field. 
From this Lagrangian one derives the graviton propaga- 
tor as quoted in Appendix [Al 



B. Combining Scalar QED and General Relativity 

The generally covariant Lagrangian for scalar QED is [l4| 

-Csqed = V~9 



1 



-^g^T^T^) 



(11) 



with the photon field strength T^ v — Yi^Ay — D^A^, and 
the QED covariant derivative D M = <9 M — ie q A^(x), and 
e q being the charge of the scalar particle. In order to get 
the relevant Feynman rules at one-loop order, we have 
to expand the Lagrangian £sqed to first order in the 
quantum field h. Using Eqs. ©, ([7]) and working with 
the Lorenz gauge for the photon field, 



we get for the photon part 



(12) 



photon 



-g\ -^{d^Aud^A" - d»A v d v A») 
W v (d„A a d v A a + d a A^d a A v (13) 



a An0i/A a Al/0nA 



and for the matter Lagrangian 



+ ie q K{A^^*(t> - A^*d^) + e*AvA»\<l>\ 2 

+ ^Kh[d^*{ie q A^- (ie q A»)(f>*d^} 

- KhT [d^*(ie q A„)<P + {ieM^d^} (14) 

The Feynman rules for interaction vertices between pho- 
tons, complex scalars and gravitons can be derived from 
(fT3|l and (fT4|) . [14], and are presented in Appendix [Al 



III. GENERAL RELATIVITY AND SCALAR 
QED AS AN EFFECTIVE FIELD THEORY 

The treatment of general relativity as a quantum the- 
ory has been discussed in several publications, e.g. [l|, 
IE E H US HI H2|. The standard formalism would 
start from the action (f5]) and consider the metric as the 
gravitational field which has to be quantized in the usual 
way. However, such a theory is not self-contained, since 
at each order in perturbation theory loop diagrams gener- 
ate new terms which are not present in the original action 
P, 0, 0, US]- Because of this renormalization problem, a 
consistent definition of general relativity as a fundamen- 
tal quantum theory is unknown so far [ll| . 
As mentioned above, the problem can be solved by con- 
sidering general relativity as an effective quantum field 
theory at low energies @, H, [§]. In this case, the effec- 
tive Lagrangian for pure gravity (without a cosmological 
constant) has the expansion 



(15) 



Here, the coefficients ax and a 2 are energy scale depen- 
dent coupling constants in the effective theory which - 



3 



in principle - could be determined by an experimental 
measurement. The ellipses denote higher-derivative cou- 
plings which are even more suppressed at low energies. 
Similarly, as shown in fI3| general relativity and scalar 
QED can be described in the effective-theory framework 
as well. The 1-loop singularities from graviton and pho- 
ton exchange can be absorbed into the Lagrangian 



AC 



photon = V~g\ aTlv + c 2 K^T^ + ...}, (16) 



where = TaaT a v — jg^u^ ^ap is the Maxwell 
stress tensor [1, 0, For the matter Lagrangian de- 
scribing the complex scalar fields, one obtains additional 
terms 



^scalar = V^9~{ dxVf" '8 ^(j)* 8 V 

d 3 &m 2 \c/)\ 2 - 



d 2 M\d ll 



(17) 



An explicit discussion of the coefficients a±, a 2 , pi , c 2 , d±, 
d 2 and d 3 , can be found in @, III El [3 and [l4 |. 



IV. SCATTERING MATRIX AND POTENTIAL 

According to @, [3, S, O EH, the scattering amplitude 
for two massive, charged scalar particles as a function of 
the momentum transfer q 2 = (k — k') 2 = (p — p 1 ) 2 can be 
expanded as 



M(q) 



A + Bq 2 H h (aiK 2 + a 2 e 2 ) — 



+ l3 ie 2 K 2 \og{-q 2 )+p 2 e 2 K 2 




(18) 



where the coefficients A,B,... and a.;, /3i depend on the 
particle masses rrii and charges e;/e. The terms with 
A,B,... in this equation are analytical in q 2 and corre- 
spond to local interactions. They are relevant for large 
momentum transfer and are also related to the UV renor- 
malization of the theory, but will not be of further inter- 
est in this work. Rather, we concentrate on the nonana- 
lytical terms, parametrized by the coefficients cti and (3i, 
which will induce the nonlocal, long-ranged interactions 
described by the nonrelativistic potential. The nonana- 
lyticakparts in the scattering-matrix also ensure unitarity 

a a a HQ 

The nonrelativistic potential will be calculated from the 
scattering amplitude via the spatial Fourier transform 

Hum Ho, mm 



V(r) = - 



1 1 

2mi 2m 2 



d 3 q 
(2tt)3 



e* r M(q) . 



(19) 



The non-analytical terms in M correspond to an expan- 
sion in powers of - for V(r). For alternative definitions 
of the potential, see the discussion in, e.g., [2~i. I25L |26| . 
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FIG. 1: The two tree diagrams. 

V. RESULTS FOR THE FEYNMAN DIAGRAMS 

In the following section we discuss the calculation of the 
various Feynman diagrams and their contribution to the 
scattering amplitude. At the end of this section, we sum- 
marize the one-loop result for the nonrelativistic poten- 
tial which represents the main result of this paper. Part 
of the calculation for the Feynman diagrams has been 
done with the help of Mathematica 5.2™ [HI using the 
Ricci-application©[32] for tensor calculus. The Fourier 
transformations, necessary to obtain the potential in co- 
ordinate space, are listed in Appendix ICl 

A. Tree Diagrams 

The tree diagrams contributing to the scattering ampli- 
tude are shown in Fig. [TJ The (incoming/outgoing) mo- 
menta for the first particle are denoted as (k/k 1 ) with the 
(mass/charge) being (mi/ei), and for the second particle 
as ip/p') and (m 2 /e 2 ), respectively. They have the form 



iM^iq) = rf(fc,fc',mi) 
and 

iM lW (q) = r 2 7 (fc,fc',ei) 



iV, 



rf(p,p',m 2 ) (20) 



ri(p,p',e 2 ). (21) 



where the quantities and are given in Ap- 

pendix El After Fourier transformation we recover the 
Newtonian nonrelativistic potential 



V 1{a) (r) 



-G 



m\m 2 



and the classical Coulomb potential 

1 eie 2 



V Hh) (r) 



An r 



(22) 



(23) 



B. Vertex Corrections 

There are two classes of vertex corrections, involving 
gravitational effects only, as shown in Fig. [2j The contri- 
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FIG. 2: Vertex corrections from purely gravitational effects, 
(a) and (b) contain the 2 h coupling, (c) and (d) the <f> 2 h 2 
coupling. 



butions from Fig. [21 a) have the form 



r 

paXe 



dH 



(£ — p) 2 — m 2 



r^ip- £,p',m 2 ) 



(24) 



and for Fig. H[ b) 



■T^ e (k,k + £, mi) 



£ 2 



dH 

f p ^ 5 {-t,q) 



{l + qf 



(25) 



_(£ + k) 2 -m\ 
For the graviton loop diagrams, Fig. [21(c) and (d), we find 





1 /■ d 4 £ 


[ q 2 


21 J (2tt)4 
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( 2 



T3 <t>Xt {p,p',m 2 ) 



(26) 



*^tld)(9) =Tl W (P»P',"l2 







[ q 2 





iVxe 



( 2 



dH 



(-4?) 



(27) 



Again, the various functions r, can be found in the Ap- 
pendix. Contracting the Lorentz indices and performing 
the loop integration, we find 



! i G 2 m 2 m 2 



r 7r 2 (mi + m%) 



i - M ^c+d)(q) 



208 i 



| logt-g 2 ) . (28) 



G 2 m 2 m 2 log^g 2 ). (29) 



The Fourier transform yields a contribution to the non- 
relativistic potential 



W+b) 



(r) 



G 2 m\m 2 (m\ + m 2 ) 



5 G 2 mirri2 
3 7rr 3 
26 G 2 m,\m 2 



(30) 
(31) 



Including electromagnetic interactions in SQED we ob- 
tain additional vertex corrections, shown in Figs. [3l HI 
The results for the scattering amplitudes from the dia- 
grams in Figs.^a) - (d) are given by 



hi 



■ nl 2 2 , 2 2 \ 

% G[e 2 m 1 m 2 + e 1 m 2 mij 



-Mla+b)(9) = - IT G ( e l m l + e 2 2 m 2 i) log(V) 

7T 



(32) 



- G{e\ m 2 2 + e 2 2 m\) log(V) , (33) 



(mi, ei) k=%* : 5^5ai A (raj, e2) A fc^^s*^ 

' V 4 » 
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(b) 
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FIG. 3: Vertex corrections involving gravitational and elec- 
tromagnetic interactions (graviton 1-particle reducible). 
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FIG. 4: Vertex corrections involving gravitational and elec- 
tromagnetic interactions (photon 1-particle reducible). 



which contributes to the nonrelativistic potential as 

G{m\e\ + m 2 ef) 



%*-d)( r ) 



37rr 3 



(34) 



Note, that the diagrams Figs. [3tc) and (d) are associ- 
ated with a symmetry factor 1/2. Further details of the 
computation can be found in Appendix [Dl 
Similarly, the diagrams in Fig. |4] yield 

^il; a -/)(g) = 2iGmim 2 eie2 7r ^ mi _^ i ' 2 l ; (35) 



and 



lta-/)(0 



Geie2(mi + ma) 
47rr 2 



(36) 
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FIG. 5: Triangle diagrams with only gravitational interac- 
tions. 
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FIG. 6: Triangle diagrams with gravitational and electromag- 
netic interactions. 



which contributes to the potential as 



•&«+&)(»") = - 



G 2 m\rai 



4(mi + m 2 ) 28 
r 7rr 2 



(38) 



The additional triangle diagrams in SQED are shown in 
Fig. [6l Their contribution to the scattering amplitude 
reads 



C. Triangle Diagrams 

The triangle diagrams in Fig. [5] arise from purely gravi- 
tational interactions. From the expressions in Appendix 
[D]we compute 



281og(V) 
An 2 (mi + 7712) 



(37) 



Geie 2 



I log(-g 2 



27r 2 (mi + m 2 ) 



resulting in the potential 



llla-d)( r ) 



Geie 2 (mi + 77i 2 ) 4Geie 2 



(39) 



(40) 
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FIG. 7: Box and crossed box diagrams from purely gravita- 
tional interactions. 



D. Box and Crossed Box Diagrams 

The contributions of the box and crossed box diagrams 
in Fig. [7] read 



dH 



T^ u {k, k + £, mi) 



(2tt)< 

Ti(p,p-l,m 2 ) 
Ti\p- i,p',m 2 ) 
Ti° (k + £, k , mi) 



(£ — p) 2 — m 2 



(£ + q) 2 



(£ + k) 2 - ml 



(41) 



and 



d A £ 



Tj (fc, £ + A;, mi) 



(2tt)* 
rf(Hp',p',m 2 ) 

Ti S {p,£ + p\m 2 ) 

rf r (fc + ^, fc , mi) 



f 2 



(£ + p') 2 - m 2 . 



{£ + qf 



{£ + k) 2 - m\ 



(42) 



Again, we are only interested in the nonanalytic terms, 
and one may exploit some simplifications which reduce 
parts of the amplitude to three- and two-point functions, 
see Appendix [Bj 

iM $ a+ V) («) = ~ 64 1 G 2 m\m 2 \og{-q 2 ) . (43) 
For the remaining irreducible parts we find 
184 



(44) 



= -—iG 2 m \ m i. iog(-^). 

In the nonrelativistic limit this combines to the potential 

47 G 2 mim 2 



a+b) 



(45) 



Similarly, including electromagnetic interactions, the 
box and crossed box diagrams in Fig. [8] give a reducible 
part, 



d 

a— d) 



(q) = 32 iGffliffl2 



gigg 

47T 



log(- g 2 ) , (46) 
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FIG. 8: Box and crossed box diagrams with gravitational and 
electromagnetic interactions. 



and an irreducible part, 

•a birred t \ 224 i m e l e 2 , i 2\ 

t^Wa-d)^ = —Gm im2 — \og(-q 2 ) 

The contribution to the potential is 

tjt M 10 Geie 2 



(47) 



(48) 



E. Circular Diagram 

The calculation of the circular diagrams in Fig. [9] is 
straightforward. We find the nonanalytic contributions 
to the scattering amplitude 



*^tet«) (?) = - 176 1 G < m i log(-<T) (49) 



and 



16 i 



i-M^b^l) = ~ Gm i m 2 eie 2 log(-g ) , (50) 




fc'V ^P' 



*4 



m.2,e 2 ) 
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(b) 



FIG. 9: Circular diagrams: (a) purely gravitational; (b) grav- 
itational and electromagnetic interactions . 
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FIG. 10: The set of vacuum polarization diagrams which con- 
tribute to the potential. 



and the resulting contribution to the potential 

G 2 m\mi 



and 



&«)(»•) =-22- 



T , , , Geie2 



(51) 



(52) 



F. Vacuum Polarization Diagram 

Treating general relativity as an effective field theory, 
we have to deal with the vacuum polarization diagrams 
Fig. HDlfa)-(d) as well. The graviton self-energy is ob- 
tained from the subdiagrams in Fig. flCfr a-b). Its contri- 
bution to the effective Lagrangian has been worked out 
by 't Hooft and Veltman 0, 0, 0, i] , 



C = 



■1 f 1 
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From this Lagrangian, one obtains the vacuum polariza- 
tion tensor 



n 



-2G 



a/3,7<5 



21 4l 23 4 



23 

120 
21 

240 



{r]a0q 1 q& + Visq a qf3)q 2 

(qaqsvpi + qpqsva-f 



q a q~/r]ps + qpq-yVaSjq 

11 

7^q a qf3q~,q5 



log(-q 2 ) . (54) 



Inserting this into the scattering amplitudes in 
Fig. EJa+b) , one obtains 



iM M.a+b)(^) =Ti"(k,k',1Tll) 



iV, 



172 i 
~ 15 

which yields the potential 



G 2 mim 2 2 log(-q 2 ) , 



43 G 2 m x mi 
30 7rr 3 



(55) 



(56) 



Furthermore we have to treat the scalar and photon con- 
tribution to the graviton self-energy in Figs. fTOTc) and 
TWdV respectively. The contribution of massive scalar 
particles only contains analytical terms and is therefore 
irrelevant for the calculation of the nonrelativistic poten- 
tial. If we have TV additional massless (uncharged) scalars 
in the theory, they would contribute to the graviton po- 
larization tensor as 



-G 


"1, 


7T 


20 ' 


1 , 




30 


1 







{q a qs - q 2 Vas) {qpq 1 - q 2 vni) log(-V) ■ 

(57) 

Inserting this into the scattering amplitude yields 



(58) 



which corresponds to a contribution to the nonrelativistic 
potential 



—N G 2 m 1 m 2 

mc)( r ) = — —^r- 



(59) 



Finally, one calculates the photon-loop contribution to 
the polarization tensor 



n, 



G 



a/3,7<5 



(q a qp - q 2 ri a (i) (q-yqs - q 2 v-<s) 



-^(qaq-y - q 2 ^) (qpqs - q 2, nf3s) 



10 



[q a qs - q 2 Vas) (qpqi ~ q 2 VPi) 



log{-q 2 ) , 
(60) 



which yields 



64 i 



iMgQl d) {q) = ~ -jj G z m{m z 2 \og{-q z ) , 



(61) 
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FIG. 11: The one-loop contribution to the photon self-energy 
in SQED. 



FIG. 12: The set of diagrams which only give analytical con- 
tributions to the scattering amplitude. 



and 



4 G 2 m\m<i 

= " 15 irr 2 



(62) 



The photon self-energy in SQED only receives a one- 
loop contribution from the mixed vacuum polarization 
diagram in Fig. HH 

Ypr^ = l£ (l\ ^ q r _ lQg( _ g2) ( (63) 



which yields 



«A^TJj(?) = —Gm 1 m 2 e 1 e 2 \og{-q z ) , (64) 



and 



1 Geie 2 



(65) 



We note that the one-loop diagrams in Fig. [12] only con- 
tribute analytical terms to the scattering amplitude and 
thus do not contribute to the nonrelativistic potential, 
see also @, [3] . 



loops have not been considered. Apart from this, we fully 
agree with [13]. The discrepancies between fllil, W\ and 
the original calculations in 0, d, [3] and the results of [12] 
have already been discussed, and we thus confirm the 
conclusions of [13]. Concerning the contributions from 
massless scalars to the polarization tensor in (|57]l . we 
disagree with a previous calculation in [13]. The photon 
contribution in |60| coincides with the result in [28l ]. 
Including electromagnetic effects in scalar QED, we find 



VsqedM =V GR (r) 
az\t 2 
r 

1 fmre 
+ 2 — 

4 



G(mi 



m 2 



6 Gh 



m 2 ef. 



Ga 



3?r 



+ rn\ t 2 \ Gah 
m\m 2 



(67) 



Here we have introduced a = ftc/137 and the charges ei 
and e 2 are normalized in units of the elementary charge. 
Again our result for the potential ([67]) is in agreement 
with 0, [13]. [A calculational error in the expression 
for the box diagrams J47j) quoted in a previous preprint 
version of this paper [30] has been corrected.] 



G. Final result for the nonrelativistic potential 



VI. SUMMARY 



In this paragraph we are going to summarize the main 
result of our paper: the nonrelativistic potential which is 
obtained from combining the contributions of the various 
diagrams discussed above. Let us first concentrate on the 
purely gravitational effects, for which we obtain 



Gm\m 2 



1 



G (mi + m 2 ) 



131 + 6iV Gh 



307T 



(66) 



Here, we have restored the dependence on c and H to 
distinguish the effects from general relativity and quan- 
tum corrections. We recall that TV denotes the number 
of massless (uncharged) scalars, e.g., "scalar neutrinos." 
When comparing our result |M]l with [13], we have to 
take into account that in [T3] the quantum corrections to 
the graviton propagator from massless scalar and photon 



We have calculated the one-loop corrections to the New- 
tonian and Coulomb potential for massive and electrically 
charged scalar particles, treating general relativity as an 
effective quantum field theory. The nonrelativistic poten- 
tial is obtained from the scattering amplitude by consid- 
ering the nonanalytic terms in the momentum transfer 
q 2 . After Fourier transformation, we identify relativis- 
tic corrections of order Gm/c 2 r and genuine quantum 
corrections of order Gh/c 3 r 2 . Our results for the lead- 
ing quantum corrections to the Newtonian and Coulomb 
laws are in agreement with [13] and [T3 . H3] . Concerning 
the quantum corrections to the graviton propagator, we 
reproduced the contribution from the photon loop in [28l ]. 
but differ for the case of massless scalar loops in [13] . 
It is straight forward to generalize the effective-theory 
formalism to, for instance, the case of massive charged 
spin- 5 fermions which has been discussed in [T3, [la ]. 
In this way one could unambiguously predict the 



quantum-gravitational corrections to low-energy observ- 
ables within the Standard Model. However, one has to 
be aware that the size of the calculated corrections is - of 



course - extremely small, Gfijc'r 2 — 2.6 • 10 _4o fm 2 /r 2 , 
and it will thus be practically impossible to verify the 
theoretical results by experimental measurements in the 
foreseeable future [3|. 
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APPENDIX A: FEYNMAN RULES 
1. Propagators 

The propagator for a massive scalar field is given by 

g i 



q 2 — m 2 + ie 



The photon propagator in harmonic (Feynman) gauge is 
given by 



q 2 + ie 



In harmonic gauge the graviton propagator has been dis- 
cussed in 0,I3|. An explicit derivation can be found in 
[H with the result 



q 2 + ie 



where the polarization sum is given by 



2. Vertices 



The l-graviton-2-scalar vertex is given by 



/p' 

(11/ ■zz^zj^zzFidd 

— > \ 
1 VP 



Ti V {p,p',m) , 



V 



with 



7f (p, pi,m) = — {p»p' " + pV " - rT [(p • p') 
The l-photon-2-scalar vertex is found to be 



V 



= — ie^p 1 + p' 7 ) . 
The 2-graviton-2-scalar-vertex reads 



r 3 ApCT (P'P'' m ) 




with 



r 3 KPiP ,m) = iK 
+ rj r " y \' nXoL ^ 



8 4 I / 



PaPfS + Pf3P a ) - 2 
(p-p') ~ m2 ^)| 



and 



The 2-photon-l-graviton vertex is given by 

S 




with 



^ 5 \p,p')=iJv^^ {p-p') + \ 



+ rf s (pVp iv + p v v '») ~ (<y iff + i)"Vv 

The 2-scalar-2-photon vertex in scalar QED reads 



= T? \p,p',e) = 2ie 2 rf s 
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The 2-scalar-l-photon-l-graviton is found to be is found as [tI. IsL fl3| 



with 




Using the background field method the 3-graviton vertex with 
I 



T 7 a/3-fS 



IK 



k^k u + (jfe - g)"(A! - gf + ql*q v - -rf* ' q 2 



M* 7 -fl 



+ 9 a (W 1 7^ + 1 «/J JL 7* 



"Mi + rrgMiJ* W + V W)] + {(fc 2 + (fc - ?) 2 ) 



-(i 7 r^ fc 2 -v^ (fc-9) 2 )}} 



I 

APPENDIX B: BASIC INTEGRALS 



For the calculation of the Feynman diagrams we need the following two-point integrals: 



d 4 e i 


i 


(2tt) 4 e 2 (t + q) 2 


32n 2 


d 4 £ ly. 


i 


(2tt) 4 £ 2 (£ + q) 2 


32n 2 


d £ $-fj,£i/ 


i 


(2tt) 4 £ 2 (£ + q) 2 


32tt 2 




i 


(2tt) 4 £ 2 (£ + q) 2 


32tt 2 


dH e^ u e a £p 




(2tt) 4 £ 2 (£ + q) 2 





[-2L] 

M - 



q^q a Q ^ - q 2 {q a V^ + q^Vva + q»Vna) (J^ L 



32tt 2 



qnq v q a qp y-~Lj - q 2 (q a qpr]^ + q^qpllva + quQaV^ + q^qpVua + q^aVup 



(Bl) 
(B2) 
(B3) 
(B4) 



(B5) 
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together with the three-point integrals 



d 4 £ 



1 



(2ir) 4 £ 2 {£ + q) 2 [(£ + k) 2 -m 2 } 32tt 2 to : 



■[-L-S] 



In = 



1 [IV 



d 4 £ 



{2n) 4 £ 2 {£ + q) 2 [{£ + k) 2 -m 2 ] 32tt 2 to 2 \ M 
d 4 * 



-1-IilU-iis 



2 to 5 



4 TO 2 



(B6) 
(B7) 



f f 



(2tt) 4 £ 2 (£ + q) 2 [(£ + k) 2 - to 2 



327r 2 m 2 



<?m<^ ( ~ L + g 5 ) + k n k v 



<fn,u-[ \ l + \s 



2 to 2 8 m 2 



[a- 


i 


4>h 


.Ail s 




•5 




16 m 2 



(B8) 



lava — 



d 4 ^ 



£ £ £ 



(2n) 4 £ 2 {£ + q) 2 [(£ + k) 2 - m 2 



327r 2 m 2 



1 g 2 



6 m 2 



g^^fc ( i + ^ S 1 ) + k^k v k a ( - -— L ) + {q^kyka + q y k^k a + qak^K) ( -— L+ S 



1 q 2 T 1 q 2 



3 to 2 16 m 2 



B 


1 q 2 N 


l'-5 


« 2 " 




2 TO 2 y 




m z 



+ {q^quka + q^q a k u + q v q a k^ 



6^-16^ 



(B9) 



where L = log(— q 2 ) and S = = , and the external momenta satisfy k 2 = to 2 and k ■ q — q 2 /2. Here, we have only 

quoted the leading nonanalytical terms. The ellipses denote higher order nonanalytical contributions and analytical 
terms. We have checked these integrals independently by explicit (manual) calculation and using MATHEMATICA. 



1. Reductions of the Four-Point Integrals 



For the box diagrams the following four-point integrals are needed: 



K = 
K' = 



d 4 £ 



1 



(2tt) 4 £ 2 {£ + q) 2 [{£ + k) 2 - m\] [{£ - p) 2 - m 2 ] W^m^q 2 
d 4 £ 1 i 



(2ir) 4 £ 2 (£ + q) 2 [(£ + k) 2 -m 2 ][{£ + p') 2 - to 2 ] 167r 2 TOiTO 2 g 2 



1 



3TO1TO2 

W 



L 



3TOiTO2 



(BIO) 
(Bll) 



In these equations w — (k ■ p) — miTO2 and W = (k -p') — mim2, which satisfy W — w — k ■ (p' — p) — (k ■ q) = q 2 /2, 



For on-shell scalar particles one has the following identities: 



£-q=^[(£ + q) 2 -q 2 ~£ 2 ], £ ■ k = \ { [(£ + k) 2 - mf] - £ 2 } and £ ■ P = -^{[(£ - P) 2 - m 2 ] -£ 2 } (B12) 



Since the terms with (£ + q) 2 and £ 2 do not contribute to nonanalytical terms @, @, Ell, 0, EB] , we obtain for 
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the four-point functions the simplifications/reductions 

d A £ e-q 



i r d 4 £ 



(2tt) 4 £ 2 (£ + q) 2 [(£ + k) 2 - m\] [(£ ~ p) 2 - m 2 ] 2 J (2tt) 4 i 2 {l + q) 2 [{£ + k) 2 - m 2 } [(£ - p) 2 - m 2 } 



(£ + q) 2 -q 2 -£ 2 



-q 

2 



"2 J 

d 4 £ 1 --£k 

(Yr) 4 £ 2 (£ + q) 2 [{£ + k) 2 - ml] [{£ - p) 2 - m|] ~ ~T 



£-k 



(2tt) 4 £ 2 (£ + q) 2 [{£ + k) 2 - m\\ [{£ - p) 2 - m 2 

1 r d 4 £ 1 

^2J (2tt) 4 £ 2 (£ + q) 2 [(£ - p) 2 - m 
d A £ £-p 



[(£ + k) 2 — m\] — £ 2 



_ 1 r d A £ 

21 ~ 2 J (2tt) 4 £ 2 (£ + q) 2 [{£ + k) 2 - m 2 }[(£ - p) 2 - m 



1 



= 77 I{m 2 ,p) 
1 f d 4 £ 



H 2 



(2tt) 4 £ 2 {£ + q) 2 [{£ + fc) 2 - m 2 ] [{£ - p) 2 - m 2 
1 f d 4 £ 1 



[{£ - p) 2 - m 2 ] - £ 2 



(2tt) 4 £ 2 (£ + qf[{l + k) 2 - m 2 ] [{£ - pf 



2 J (2ir) 4 £ 2 (£ + q) 2 [(£ + k) 2 - m 2 ] 2 /(mi ' fc) 



(B13) 



(B14) 



(B15) 



The four-point functions can thus be reduced to three- or two-point functions, which simplifies the calculation signif- 
icantly [3, 0, EBi . ^ 



2. Constraints for the Nonanalytical Terms 



APPENDIX C: FOURIER TRANSFORMATIONS 



The following constraints for the nonanalytical terms are 
useful 



The basic Fourier integrals read 



7 r^ v — I n fJ " v 



j „nv — n 



— T T v 

2 •Jp.vQ 



(B16) 



rf3 g ^q-T _J_ 



(2tt) 3 



(27T) 



1 e iq-r 



1 



An r 
1 

2tt 2 r 2 



(CI) 
(C2) 



/" (7 Q — 



2 ' 



(B17) 



I^k^ — — J j Ifivk" — — k^ , I^ va k a — — k^ v . (B18) 



and 



rf3(? log(g 2 ) = ' 



(27T) 



27T r 3 



(C3) 



APPENDIX D: FORMAL EXPRESSIONS 



Here we collect the formal expressions for the scattering amplitudes, following from applying the Feynman rules given 
above to the various diagrams. We only quote those results which have not already been given in the body of the 
text: 

• FigsG|a) and (b): 



^1 IXVOO 



dH 



Ti(p-£,p',m 2 ) 



(£ + q) 2 



d 4 £ 



£ 2 



pa(a/3) 



pa(af3) 



(£,£ + q) r](p,p-£) 



(£ — p) 2 — m\ 



(27T) 



4 '4 



(£,£+q) 



(e + q) 2 



(Dl) 
(D2) 
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Figs Ufa) and (e): 



Figs [5] and H 



[£ — p) 2 — m\ 

-i rja(3 



(2tt) 4 4 



(qj + q) 



iV 



C 2 



Ti" '(p,p - £,m 2 ) 



(e + q) 2 



dH 



(2tt 



,4 '4 



(qj + q) 



iV 



p 



r^ s \p,p',m 2 ) 



mi 



(i + qf 



l ^Ma)(q) 



ph> 



dH 
dH 



iV 



pVOtfi 



(2tt) 4 
Figs[8Ka) and (c): 

*-MSa)(9) 
*-Mlc)0?) = 
Figs[9l[a) and (b): 



(2 



^'(fc.fc'.ma) 



7 5 per 



-1 Vaf3 



t 2 



(£ + q) 2 
t 6 '{p,p ,m 2 ) 



rf CT (fc — £, kl , mi) , 



(t + qf 



(£ + k, k' , mi) 



(£ + k) 2 -m\ 



dH 

%T n rrt. 



r%{k,k + £,e l ) 



£ 2 



(P,P-Z, e 2 ) 



(i - p) 2 - m\ 



(£ + q) 2 

dH 



T^{£ + k,k',mi) 



{£ + k) 2 - ml 



(2tt) 4 
pcrpu 



r 2 Q (fc,£ + fc,ei) 



£ 2 



_(£ + p') 2 - m\ 



rf CT (p- £,p',m 2 ) 



t{° {p,p' + £,m 2 ) 



{l + qf 



(£ + k,k',mi) 



(£ + k) 2 -m 2 _ 



1 r d 4 £ 



iJ %6)(?) 
FigsQUc), (d) and EJ 



^-)(«)=2!7 (^4 

d 4 J? 



pupa 



£ 2 



t^\p,p' \m 2 ) 



[£ + q f 



(27T) 



^ 2 



r^W,^) 



(* + «) s 



'iP pva.fi 

i "n&i 



ri P<T (p,p',"i2) 



« ?7rA 



^P-ySpcr 
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i(p,i/,e 2 ) 



(D3) 
(D4) 

(D5) 
(D6) 



(D7) 
(D8) 

(D9) 
(D10) 

(DH) 
(D12) 
(D13) 
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